CSE2201: Numerical Methods

Numerical Differentiation

What is derivative in action?

e Given is the position x(t) in meters of an object at time t, the first derivative with
respect to t, '(t) , is the velocity in meters/second (note: The integral of velocity is
position to within a constant)

e Given is the velocity ¥®in meters/second of an object at time t, the first derivative
with respect to t, v'® s the acceleration in meters/second squared

Need and Scope
The method of obtaining the derivative of a function using a numerical technique is known
as numerical differentiation.

Question

Why do we need to approximate derivatives at all?

There are essential two situations where numerical differentiation is
required. They are:

1. The function values are known but the function is unknown. We may still be
interested in studying changes in the data, which are related, of course, to
derivatives.

2. The function to be differentiated is complicated and, therefore, it is difficult to
differentiate. It might be significantly simpler to approximate the derivative instead
of computing its exact value.
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What is derivative?

According to the dictionary differentiation means “mark off by differences”.

The derivative which is fundamental concept of differentiation is rate of change of
dependent variable with respect independent variable.

dy _ lim f(xi+Ax ) —f(xi)

dx  Ax—0 Ax

Where, f(x) ory is independent variable and x is dependent variable.

dy
dx
derivative of f(x) at x is the slope of the line tangent to f(x) at x

Numerical differentiation methods that could be applied to both tabulated and
continuous function.

or f'(x) is first derivative of f(x) or y with respect to x evaluated at x;

Py o/
R e

Figure 1: Graphical Representation of Differentiation

Differentiating Continuous Functions

e Numerical algorithms for computing the derivative of a function require the
estimate of the slope of the function for some particular range of x values.

® Here, the numerical process of approximating the derivative f’(x) of a function f(x)
is carried out when the function is continuous and itself available.

Forward and Backward Difference Quotient
Jx+h)—-f(x)
h

Forward Difference formula: /" (x) =

S-S =h)

Backward Difference formula. 7 (x) = .
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Derivation of Forward Difference Formula:
Let y = f(x), be a solution of the equation. Consider a small increment in Ax = h in x.
According to Taylor’s theorem, we have:

FGerh) = £ () + bfr (0 + %ﬂ(x)

for x < 0 < h. By rearranging the terms, we get

con_ S+ =f(x) A
frx)= P 3

Thus if h is chosen to be sufficiently small, f’(x) can be approximated by

) —
Frm= L0 2 S 2)

. Since this approximation of the derivative at x is based on the values of the function
at x and x + A, the approximation (1) is called a forward different quotient or two
point formula.

o TheEi(h)=- % f"(x) is the error term. Since the approximation (2) can be thought

of as being obtained by truncating this term from the exact formula (1), this error
is called the truncation error. The small parameter /# denotes the distance between
the two points x and x+#4. As this distance tends to zero, i.e., # — 0, the two points
approach each other and we expect the approximation (2) to improve.

e The “speed” in which the error goes to zero as 4 — 0 is called the rate of
convergence. The truncation error is in the order of ‘4’ and can be decreased by
decreasing ‘4’. When the truncation error is of the order of O (h), we say that the
method is a first order method. We refer to a methods as a p™ order method if the
truncation error is of the order of O (#”).

Similarly, the approximation of the derivative at x that is based on the values of the function
atx — s and x, i.e.

xX)—f(x —h
fr(x)= S j}:( ) e (3) is called a backward differencing.

Example: Estimate approximate derivative of f(x)=x>atx=1,forh=0.2,0.1, 0.05 and
0.01 using the first order forward difference formula.

Solution:
Analytical Method: f'(x) = 2x, i.e. f(x=1) =2 * 1 = 2 (true value)
Jx+h)—-f(x)

frx)= P
Therefore,
f,(l)z f(1+hh)_f(1)
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Derivative approximations are tabulated below:

H fr@ Error
0.2 2.2 0.2
0.1 2.1 0.1
0.05 2.05 0.05
0.01 2.01 0.01

Conclusively, it is found that the derivative approximation approaches the exact value as
‘h’ decreases. The truncation error decreases proportionally with decrease in ‘4’. There is
no round off error.

Central Difference Quotient

fx+h) = f(x=h)
2h

Central Difference Formula: /" (x) =

Derivation of Central Difference Formula:

Equation (2) was obtained using the linear approximation to f{x). This would give
large truncation error if the functions were of higher order. In such cases, we can
reduce truncation errors for a given ‘4’ by using a quadratic approximation rather
than a linear one. This can be achieved by the following form of Taylor’s Expansion.

According to Taylor’s theorem, we have

SO+ =/ () + W00+ 7+ %f”'(X)

Similarly,

SO0 =)~ b (0 + 00 - %fm(x)

by subtracting, we obtain

Sxth) —f(x=h)=2hf" (x) + 2% )

Thus, we have

oy S = fx—h)
VAREY) oy

with a truncation error of

2

2
Ei(h)=- 2*%f”'(x) =— % f"(x), which is order of ‘h%



CSE2201: Numerical Methods

This is called the second order central difference quotient or three point formula.

Example: Estimate approximate derivative of f(x) =x?atx = I, for 4 =0.2, 0.1, 0.05
and 0.01 using the first order central and forward difference formula.

Solution:
We have: f(x) = x%, i.e. f'(x=1) = 2x = 2 (true value)
Sx+h)—f(x—h)

’ X) =
/X 7
Therefore,
SA+h) - f(-h)
' 1 —
/() o
Derivative approximations are tabulated below: (forward difference quotient)
h ' Error
0.2 2.2 0.2
0.1 2.1 0.1
0.05 2.05 0.05
0.01 2.01 0.01

Derivative approximations are tabulated below: (central difference quotient)

H ' Error
0.2 2.0 0
0.1 2.0 0
0.05 2.0 0
0.01 2.0 0

Higher-order Derivatives

We can also obtain approximations of higher order derivatives using Taylor’s Series

Expansion.
As we know that:
h? h3
fx+h)=fx)+hf'(x)+ Ef”(x) + af”’(x) + Ry e e . (4)
h? h3
fx—h)=f(x)—hf'(x)+ Ef”(x) — Ef”’(x) + Ry i i (B)

Where error terms,
4 .
Ry= %f *(61) and
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_ht i
Ry=—7F"(62)

So, the addition of two expansions gives:
flx+h)+ f(x—h)=2f(x)+ R?f"(x) + R, + R,

v fGAR 2@+ xR R+ R)
NHOE = -

Therefore, the approximation of 2™ derivative is:

fx+h) -2f(x)+f(x—h)

£ = =
With truncation error:
R, + R,
By = — )
ie.
1 2h* h?
Et(h) = —ﬁr{fl}(eﬂ + f4(92)} = —Ef4(9)

So, the error if of order h?

Example:
Find the approximation to second derivative of cos(x) at x = 0.75 radian with h =
0.01.Compare with the true value.

Solution:
We have given: y = f(x) = cos(x)
Then: y’ = f’(x) = —sin(x) and y’’ = f"’(x) = —cos(x)

Therefore Exact Value: f"’'(x=0.75) = —cos(0.75) = —0.7316888

Using the formula at h =0.01

_ SO+ =2f(x)+ f(x=h) _ f(0.76)-2/(0.75)+ f(0.74)

144 x
[ h? 0.0001

0.7248360 — 2(0.7316888) + 0.7384685

f@) = 0.0001
") 14633046 — 14633778 .
frx) = 0.0001 -

Error: abs(0.7316888 — 0.7300000) = 0.0016888
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Differentiating Tabulated Functions

If we are given a set of data points (x;, fi), fori =0, 1, 2 .... n, which corresponds to the
values of an unknown function f(x) and we wish to estimate the derivative at these
points. Assume that the points are equally spaced with a step size of ‘A’
When function values are available in tabulated from, we may approximate this
function by an interpolation polynomial P(x) and then differentiate P(x). If we consider the
quadratic approximation, we need to use three points as referenced by Newton Polynomial
Form:

ie. Po(x) = ag+ a; (x — xp) + az (x — x0) (X — X1) e vevver v e o (1)
Then: Py(x) = a; + a; {(x — xg) + (0 — x1)} v e vr v vt e e v e (2)

Let first consider the linear equation
Pl(X) = a0+ a, (x_xo)‘l‘ Rl

where R is the reminder term used for estimation. Upon differentiation of this formula,

we obtain

PG = a0y + o
1\X) = aq dx

Then the approximate derivate of the function f(x) is given by
Pix)=f (x)=a
We know that according to Newton divide difference table:
a, = f[xo, x1]

S () = f(%)

X =X

On substituting

h=x1—x0
X1=x+h
X0 =X

we get
x+h)—f(x
) S )—f(x)

This is the familiar two-point forward difference formula.

Now, let us consider the quadratic approximation. Here, we need to use three points.
Thus,
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Pyx)= ag+ ay (x—x0) + a; (x—xg) (x—x1) + R>

Then
dR,

P>(x) = a;+ a, [(x—x0) + (x—x1)] +

Thus, we obtain

f'X)=a;+ ay [(X—=X0) T (X=X1)]eeereeieiiiiniieaee, 3)

Let xo = x,
X;=x+h,
X2=x +2h,

Then
- f(x)
h

a,

S (%) = f(x5%,)

Xy =X

aZ :f[XO, X1, X2] =

JOo) = fn) _ fx) = f(x%)

X, — X X — X

X, — X,
f(x2) = f(x1) _ f(x) — f(xo)
_ h h

2h
_ f () = 2f (xy) + £ (x0)
B 2h?

_ S22 (x+h)+ f(x)
2h*

Substituting for a; and a,, at (3) we get:
Fox) = f(x+h;1_f(x ), f(x+2h)—22€lgx+h)+f(x) [

(x—x0) + (x—x1)]

Replace x = xo
P9 = f(x+h;l—f(X) N f(x+2h)—22];(2x+h)+ f(x) [
_ 2f(x+h)=-2f(x)—f(x+2h)+2f (x+h)—f(x)

2h

0) + (=h)]

=3f(x)+4f(x+h)— f(x+2h)

frx)= o
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This is a three-point forward difference formula.

Similarly, three-point backward difference formula is given by [replacing h = —h]
3f(x)=4f(x=h)+ f(x—-2h
)= S -4f(x=h+ f( )
2h
Similarly, we can obtain three-point central difference formula.
Let
X0 = X,
X1 =x-—h,
X2=x+h.
Thus,
R
1
h
q= TN -2/ () + f(x—h)
2 21

Substituting these values, we get

_ S+ —fx—h)
2h

VAREY)

Example: The table below gives the values of distance travelled by a car at various time
intervals during the initial running

Time, t(s) 5 6 7 8 9
Distance travelled, | 10.0 | 14.5 | 19.5 | 25.5 32.0
s(t), (km)

Estimate velocity at time t=5,t=7 and t=9.
Solution:
At t=15, we use the three-point forward difference formula.

—35(t) + 4s(t + ) — s(t + 2h)
2h

v(t)=
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—3(10) + 4(14.5) - (19.5)
2(1)

=4.25 km/s

v(5) =

At t="7, we use the three-point central difference formula.

s(t+h)—s(t—h)

viH= 2h

s(8)—s(6) _ 25.5-14.5 5.5 ks
2(1) 2

Att=9, we use the three-point backward difference formula.

v(5) =

3s(t) - 4s(t — h) + s(t — 2h)

vin= 2h

35(9) —4s(8) +5(7) _ 3(32) —4(25.5)+19.5
2(1) 2

v(9) = =6.75 km/s

Higher Order Derivative using Newton Divide Difference Formula

Forward

£1(0) = 2f(x)—5f(x+h)+2{(x+2h)—f(x+3h)
Backward

£7(0) = 2f(x)=5f(x—h) +2{(x—2h) —f(x—=3h)
Central

fll(x)z f(x+h)_2]];§x)+f(x_h)

Example: The table below gives the values of distance travelled by a car at various time
intervals during the initial running

Time, t(s) 5 6 7 8 9
Distance travelled, | 10.0 | 14.5 | 19.5 | 25.5 32.0
s(t), (km)
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Estimate acceleration at time t =7 s.

Solution:

Acceleration is given by the second derivative of s(t). Therefore,

s(t+h)—2s(t)+s(—h)

a(t)y=s"(t)=

a(7)

_ 255-2(19.5)+14.5

hZ

= 1.0 km/s?

1

Summary: Formulas Differentiating Tabulated Functions

Three-point forward difference formula

=3f(x)+4f(x+h)— f(x+2h)

frx)= oy
Three-point backward difference formula £ = 3f(x)=4f(x=h)+ f(x—-2h)
2h
Three-point central difference formula fx+h)—-f(x=h)
frx)= o
Five-point forward difference formula F(x) = 2f(x)=5f(x+h)+4f(x+2h)— f(x+3h)
h2
Five-point backward difference formula £(x) = 2f(x)=5f(x—h)+4f(x-2h)— f(x—3h)
h2
Five-point central difference formula F(x) = f(x+h)=-2f(x)+ f(x—h)
h2

Derivatives using Newton’s forward interpolation formula for non-tabulated value

e When the values of the arguments are equally spaced and we are to find the
derivative for some given x lying near the beginning of the table, we can represent
the function by Newton'’s forward interpolation formula.

e  When the value of & is required at the point near the end of the table we use

dx

Newton’s backward interpolation formula and we may use suitable central
difference interpolation formula when the derivation is to be found at some point
lying near the middle of the tabulated values.

e If the values of arguments x are not equally spaced, we should use Newton'’s
divided difference formula to approximate the function y = f'(x).

Consider Newton’s forward interpolation formula

-1
Y= yo+u Ayo+ u(uz' ) A2y +

3!
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where u= =~ ;lxo (7)

Differentiating (6) with respect to u we get,

dy 2u—1 , 3u? —6u +2
du_ Dot oAt 3!

A3Yg e e e e (8)

Differentiating (7) with respect to x we get,

du 1
2 e e 9
dx h ®)
Now from equations (8) and (9)
Y _dy du
dx du  dx
dy 1 2u-1 3uZ—6u+2
= — = — [Ay, + Ay + ———— A3y ] 10
i [Ayo 2 Yo 3 Yo ] (10)
Expression (10) gives the value of Z—y at any x which is not tabulated.
X

For tabulated values of x, particularly when x = xpand u = 0, we have
dy 1 1 1 1
— X =X = — A - AZ + - A3 - A4 + ......
( e 0 7 [Ayo ) Yo 3 Yo 4 Yo ]

Differentiating (10) with respect to x we get

d?y 1 6u? —18u + 11
i) [A%y, + (u— 1)A3y, + B Ay, ... ]
Putting u = 0 we have
d? 1 11
d_szlx:xo :ﬁ [AzyO - A3Y0 + —A4yO — . ]

12

Formula for computing higher order derivation may be obtained by successive
differentiation.



CSE2201: Numerical Methods

Example: From the table of values given bellow find z—y and Z—Z forx =1.
X
y A A2 | A3 A A
1 1
7
2 8 12
19 6
3 27 18 0
37 6 0
4 64 24 0
61 6
5 125 30
91
6 216
We have, x0=1, h=1, x=1.
~u=0
dy 1 1 1 1
L Y=x0= —[Ayo- — A?yo + =3 yo- — Ayo+......
(dx)o h[ o > ATyo + AT yo - Yo ]
dy 1 1 1
— kx=1 =-[7-=(12)+=(6)-0
(dx 1 il 2()3() ]
=7-6+2
=3
(d_y _ :i[Az -A3 +£A4 _ ]
22X 1 2 Yo Yo T Yo - ......
= %(12—6+0)
=06

2
Home Task: Find Z—y and % for x =2 and x = 1.5 for the above table.
x

Error Analysis

Since, analytical methods give exact answers; the numerical techniques provide only
approximations to derivatives. Numerical differentiation methods are very sensitive
to round off errors, in addition to the truncation error introduced by the methods of
themselves. So, it is necessary to discuss the errors and ways to minimize them.
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If E, (h) is the round off error introduced in an approximation of derivative, and E;(h) is
the truncation error then the total error is given by:
E(h) = E, (h) + Ef(h) v e e e e e e e (1)

Calculation of Round off error E,. (h):
Now consider two point formulae for the purpose of analysis.

F1(x) = f(x+h)—f(x)= fi—fo

h h
If we assume round off error in f; and f, as e; and e, respectively, then:

_ (fi + er) — (fo + eo) _ (fr — fo) + (e1 — eo)

frx) = - - -
If e, and ey are of magnitute of e and opposite sign,then bound of round of f error:
2e
B ()] < —

Calculation of Truncation error E; (h):

We know, the truncation error for two point formula is:
h Myh
Ec(Wl=—5f7(0) = ——
M, is the bound given by M, = max|f"(6)|{~ x <6 < (x + h)}

Thus the boundary for total error in the derivative is:

E(h)| < =22+ 2.(12)
We can obtain a rough estimation of h that gives us minimum error, by differentiating
equation (12) with respect to h, we get:

, M, 2e
|E"(h)] < > T
Now, we know that E (h) is minmum when E’(h) = 0, solving for h we get h,y,
o< 22

2 h?

e
hopt = 2 E

Where h,,,; is optimum step size, substituting this value in equation (12) we get:

E(hope) = 2 /eM,
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Total Error
E
r
r
o Truncation Error
r Roundoff error
hopt h
Example:

Compute the approximate derivative of f{x) = sin(x) at x = 0.45 radian at increasing value
of ‘h’ from 0.01 to 0.04 with a step size of 0.005. Analyze the total error. What is the
optimum step size?

Solution:
We have given: y = f(x) = sin(x) and f’(x) = cos(x)

Using forward difference formula:

iy - [EHD =)

h

Given x = 0.45 radian
So, f(x=0.45rad) = sin (0.45rad) = 0.4350(rounded to four digits)

And f’(x=0.45rad) = cos(0.45rad) = 0.9004

Table below gives the approximate derivatives of sin x at x=0.45 using various value of h

h flxth) (%) Error
0.010 0.4439 0.8900 0.0104
0.015 0.4484 0.8933 0.0071
0.020 0.4529 0.8950 0.0054
0.025 0.4573 0.8935 0.0069
0.030 0.4618 0.8933 0.0071
0.035 0.4662 0.8914 0.0090
0.040 0.4706 0.8900 0.0104
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The total error decreases from 0.0104 (at h = 0.01) till h = 0.02 and again increases
when ‘h’ is increased. Since, we have used four significant digits; the bound for round off
error ‘e’ is 0.5*10,
For the two point formula, the bound M> is given by:
M, = max|f''(0)] for:0.41 <6 <0.49
i.e.M, = |—sin0.49| = 0.4706
Therefor the optimum step size:

hoo =2 | =2 05107 = 0.0206
ot T = IM, 0.4706

Richardson Extrapolation

Two ways to improve derivative estimates, when employing finite difference:
1. Decrease the step size
2. Use higher order formula that employs more points

Richardson Extrapolation:
®» Uses two derivative estimation to compute the third to get more accurate
approximation.
®» Based on model for the error in numerical process.
®» [sed to improve the estimates of numerical solutions.

Assume,
X = X" +MRA™ e (1)

x, — k™ estimation of the solution x*
Mh™ — is the error term

Replace h =rh
X1 = X" HMr*A™ . (2)

Multiplying equation (1) by ™ and solving for x* we get,
X1 — T X
_— .(3)

* —
X = X = 1_m

Equation (3) is known as Richardson Extrapolation.
Derivation of Richardson Extrapolation using three point central difference formula:

Three point central difference formula:

o AR —fa-h) B,
f'e0) = — -1
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h2
= D(R) = " [ (O) e (4)
Leth =r1h
.« flx+rh)—f(x—rh) h*r?¢
f'x) = %llerz ~7% f(6)
= D(rh) — Trf'"(e) e (5)

Multiplying equation (4) by 72 and subtracting from (5)

2,.2 thZ

h
D — ——f"(6) = D(rh) + ——f"'(8) = f'(r* = f'(®)

D(rh) — D(h)r?

o) = - (6)
Equation 6 is Richardson extrapolation formula using three point central difference formula
and get better approximation of f’(x) by eliminating error term h2. The most common
choice of ris r = 0.5.

Example:
Show that, using the data given below, Richardson extrapolation technique can provide
better estimates for f'(x) at x = 0.5 and assume h = 0.5;r = 0.5.

X —0.5 | —=0.25 0 0.25 0.5 0.75 1.0 1.25 1.5

f(x)]0.6065]| 0.7788] 1.0000| 1.2840| 1.6487| 2.1170] 2.7183 | 3.4903 | 4.4871

Solution:
Using three point central difference formula:
B AR —fx—h)  fA.0)—f(0)
D(h) = D(0.5) = oh = 7205 = 1.7183
B _ fx+h)—f(x—h) [f(0.75) — f(0.25)
D(rh) = D(0.25) = h = 305,05 1.666
) D(rh) — D(h)r?
f (x) - 1 _ ‘rz
Therefore,
05) = 1.666 — (1.7183) * (0.5)? _ 1 6486
1(05) = 0.75 -
Correct Value of f'(0.5) = e¥ = %> = 1.6487

Relative % Error = % +100% = 0.01%



